Bandwidth and path width of three-dimensional grids 



Yota Otachi* Ryohei Suda 1 " 

January 6, 2011 

T— I ' 

o 

(N 

Ph ■ Abstract 

We study the bandwidth and the pathwidth of multi-dimensional grids. It can be shown for 
grids, that these two parameters are equal to a more basic graph parameter, the vertex boundary 
width. Using this fact, we determine the bandwidth and the pathwidth of three-dimensional 
grids, which were known only for the cubic case. As a by-product, we also determine the two 
parameters of multi-dimensional grids with relatively large maximum factors. 



> 
^1- 



1 Introduction 



In this paper, we study two well-known graph parameters, the bandwidth and the pathwidth. These 
two parameters were defined in different areas of Computer Science. However, there is a close 



relation between the two parameters. In fact, it is known that the bandwidth of a graph is at least its 
pathwidth. Furthermore, as we will show, these two parameters are identical for grids. Since grid- 
like graphs, especially two or three-dimensional grids, arise in many practical situations, several 
graph parameters of them have been studied intensively Il24l 1251 1261 [51 Q/71 [Q |2T| . In particular, the 
bandwidth and the pathwidth of grids and tori were studied by several researchers [fl2l [8l l20l[TTi . 
However, closed formulas of these parameter for noncubic three-dimensional grids and four or 
more-dimensional grids were not known previously. We study these grids and present closed 
formulas for some cases. 

The rest of this paper is organized as follows. In Section [21 we give some definitions and 
known results. In Section [31 we determine the two parameters for multi-dimensional grids that 
have relatively large maximum factors. Generally speaking, large-dimensional cases are difficult 
to handle. However, we show that if the maximum factor in a grid is relatively large then the two 
parameters can be easily determined. In Section 0] we determine the two parameters of three- 
dimensional grids. FitzGerald [[121 determined the bandwidth of cubic grids P n □ P n □ P n . We 
properly extend this result to noncubic cases P, n □ P m □ P m . In the last section, we conclude this 
paper and give a conjecture for the four-dimensional case. 
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2 Preliminaries 



In this section, we define some graph parameters, and a graph operation. Grids, and tori are 
also defined here. After the definitions, we provide some known results as well as some useful 
observations. All graphs in this paper are finite, simple, and connected. We denote the vertex and 
edge sets of a graph G by V(G) and E(G), respectively. 

2.1 Bandwidth, pathwidth, and vertex boundary width 

The bandwidth of graphs was defined by Harper lfP3l . An ordering of a graph G is a bijection 
/: V(G) — > {1,2,..., |V(G)|}. The bandwidth of an ordering f is bwc(f) = max (MiV | E£(G ) \f(u) - 
f(v)\, and the bandwidth of G is bw(G) = mmfbwc(f)- The bandwidth problem appears in a lot 
of areas of Computer Science such as VLSI layouts and parallel computing. See surveys flTlllll. 

The pathwidth of graphs was defined by Robertson and Seymour ||23l in their work of the Graph 
Minor Theory. Given a graph G, a sequence Xy, . . . , X r of subsets of V(G) is a path decomposition 
of G if the following conditions are satisfied: 

1- = V(G), 

2. for each {u, v} e E(G), there exists an index i such that {u, v} c X h 

3. for / <j< k,XiOX k QXj. 

The wz'oY/z of a path decomposition Xi, . . .,X r is maxi^ ; < r |X,| - 1. The pathwidth of G, denoted by 
pw(G), is the minimum width over all path decompositions of G. A path decomposition X\,...,X r 
of G is proper if {i | « e X,} <£ {/ 1 v e X,} for all u,ve V(G). The proper pathwidth of G, ppw(G), 
is the minimum width over all proper path decompositions of G. Clearly, pw(G) < ppw(G) for any 
graph G. A nontrivial relation pw(G) < bw(G) is a corollary of the following fact. 

Theorem 2.1 ([[E61). any gra/?/z G, bw(G) = ppw(G). 

Let dc(A) denote the set of boundary vertices of A, that is, dc(A) = {v e V(G) \ A \ 3u e 
A, {u,v} e E(G)). Let fic(k) = min^c^o, \s\=k \dc(.S)\. The vertex isoperimetric problem (VIP) on 
a graph G for given k is to find a vertex set 5 c V(G) such that |*S* | = k and |<9 G (S)| = fi G (k). 
We define the vertex boundary width of G as vbw(G) = maxi<k<\ V (G)\fiG(k)- We often omit the 
subscript G of d G and /? G if the graph G is clear from the context. The following theorem implies 
vbw(G) < pw(G) for any graph G. 

Theorem 2.2 flU). For any grap/z G and 1 < k < \V(G)\, p(k) < pw(G). 

From the above observations, we have the inequality vbw(G) < pw(G) < bw(G) for any graph 
G. Harper lfT3~l[l4l showed that the equality also holds for some graphs. An ordering on V(G) is 
isoperimetric for G if \d(Iu)\ = fi(k) and U = h+\a(i k )\ for all fc, where /* is the set of the first 
k vertices of V(G) in the ordering. 

Theorem 2.3 ([14]). If a graph G has an isoperimetric ordering on V(G) then vbw(G) = bw{G). 
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The observations in this subsection give the following corollary. 

Corollary 2.4. If a graph G has an isoperimetric ordering on V(G) then vbw{G) = pw(G) = 
bw{G). 

2.2 Grids and tori 

The Cartesian product of graphs G and H, denoted by G □ H, is the graph whose vertex set is 
V(G) x V(H) and in which a vertex (g, h) is adjacent to a vertex (g', h') if and only if either g = g' 
and {h,h'} e E(H), or h = h' and {g,g'} e E(G). It is easy to see that the Cartesian product 
operation is associative and commutative up to isomorphism. We denote the Cartesian product of 
d graphs G u G 2 ,...,G d by l\t\ G i- Also > we denote Y\U G b Y ° d - 

For n > 2, a path P n is a graph whose vertex set is {0 n - 1 } and edge set is {{i, i + 1 } | 

< i < n - 2}. For n { < ■ ■ ■ < n d , the graph FJ/Li is called a d-dimensional grid. We call 
P^ a cwZn'c gnd. Let v = (vi, . . . , v^) is a vertex of ]~[f=i Then the weight of v is defined as 
wei(v) = Ym=\ v i- F° r n > 3, a cyc/e C„ is a path with a wrap around edge, that is, V(C n ) = V(P n ) 
and E(C n ) = {{« - 1, 0}} U E{P n ). For n x < ■ ■ ■ < n d , we call nf=i C 2ni a d-dimensional even torus. 

Let = (fei , . . . , be the &th unit vector in a d-dimensional space, that is, k k = 1 and fc, = 
for all i + k. For v = (vi, . . . , v d ), we have (v + k\ = + 1 and (v + k) t = v,- for all i + k. It is easy 
to see that for u,v e V(nf=i P n ), {u, v) e £'(Of=i Pn,) if and only if there exists an index k such that 
either u = v + korv = u + k. 

We define the simplicial order < on V(nf=i Pn) by setting (u\, . . . , Ud) < (vi, . . . , v d ) if and only 
if either < wei(v), or wei'(i<) = wei(v) and there exists an index j such that uj > Vj and 

Ui = Vj for all i < j. Intuitively, vertices are ordered in the simplicial order by increasing weight 
and anti-lexicographically with each weight class [|27l . For example, the vertices of P2OP3 0P3 are 
ordered as follows: (0, 0, 0) < (1, 0, 0) < (0, 1, 0) < (0, 0, 1) < (1, 1, 0) -<(1, 0, l)< (0, 2, 0) < (0, 1, 1) < 
(0, 0,2) < (1, 2, 0) < (1, 1, 1) < (1,0, 2) < (0,2, 1)^(0, 1,2)^(1, 2, 1)<(1, 1,2)^ (0,2,2) <(l, 2,2). 
We also define <, >, and > naturally. Moghadam |[T8l[T9l and Bollobas and Leader B3l|4l showed 
independently that the simplicial order is isoperimetric for grids. 

Theorem 2.5 ([H S QUI [13). Let n x < ■■■ < n d . Then the simplicial order on V{\\ d i=l P m ) is 
isoperimetric for ]~[f=i Pn r 

Corollary 2.6. vbw(UU Pn,) = pw(UU p n.) = bw(Y\U P m ). 

Riordan [22] showed that even tori have an isoperimetric order. Thus, we also have the follow- 
ing equivalence. 

Corollary 2.7. vbw(UU C 2n ) = pw(UU Cm,) = C 2n ). 

However, we do not need to give a formal definition of Riordan's ordering. This is because 
of the equivalence of the problem on even tori and grids. Recently, Bezrukov and Leek [2] have 
proved that the VIP on d-dimensional even tori is equivalent to the VIP on some 2d-dimensional 
grids. 
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Theorem 2.8 (ED). Let G = l\ti C 2n, and H = Pj □ Uii Pn t - Then, j3 G (m) = /3 H (m)for 1 < m < 
W(G)\. 

Corollary 2.9. vbw(\\L Cm,) = vbw(P d 2 □ UL 

From the above observations, the problems of determining the bandwidth and the pathwidth 
of grids and tori are solvable by determining the vertex boundary width of grids. Thus, in what 
follows, we only consider the problems on grids, and we identify the three parameters of grids. 

Note that the problem of determining the vertex boundary width is not trivial even if an isoperi- 
metric order is known. For example, Harper [13] showed that the simplicial order on hyper- 
cubes Q d = P d 2 is isoperimetric. He stated without proof that it can be shown by induction that 

vbw(Q d ) = Yfh=Q (|fc/2j)- m n ^ s recent book lfl4l . Harper gave an exercise to prove the above equa- 
tion with a remark "surprisingly difficult." Recently, Wang, Wu, and Dumitrescu E71l have given 
the first explicit proof of the equation. 

We have one more motivation to determine the vertex boundary width of grids. Bollobas and 
Leader [3 J showed the following factQ 

Lemma 2.10 (0). Let G[ be a connected graph ofn t vertices for 1 < i < d. Then, vbw{\\ d i=l G,) > 
vbwQltiP*). 

Hence, we can use vZ?w(nli P ni ) as a general lower bound on the bandwidth and the pathwidth 
of any J-dimensional (connected) graphs. Note that given a connected graph G, its prime factors 
Gi, • • • , Gd such that G = nf=i G 1 can be determined in linear time lfl5ll . 



3 Grids with relatively large maximum factors 

Although our main target is the three-dimensional case, we investigate arbitrary dimension cases 
here. We show that, for n\ < ■ ■ ■ < n^, if n^ is at least YiUfc ~ 1) m en the vertex boundary width 
°f Fill Pnt is nf=7 n i- That is, we prove the following theorem. 

Theorem 3.1. Ifny < ■ ■ ■ <n d and Y?i=li n i ~ 1) ^ n d> then 





( d \ 




r d \ 


bw 




= pw 






V i=\ ) 




V i=l ) 



Note that the condition 2f=/( n i - 1) < «d always holds for the two dimensional case. The 
following lemma implies the theorem. 

Lemma 3.2. vbw(Y\ti Pn,) = Uti m ifrn<---< n d and Y,tii n i ~ x ) ^ n d- 

Proof. It is known that pw(G □ P„) < \V(G)\ for any graph G (see ifTOl ). The upper bound is a 
direct corollary of this fact. 

1 In their paper, the theorem was stated in a more general form. 
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Let v G V(Ilti p ni ) be the first vertex of weight Yfi=\( n i - 1) - 1 in< That is, v, = n, - 1 for 
1 < i < d — 2, v d -\ = n d _i - 2, and v d = 0. Let 5< v = j«6 V(Ilti ^n,) I u ^ v}. It suffices to show 
that \d(S < x )\ > ri/ti 1 n i- Since v is the first vertex of weight weiiy), the set S < v consists of v and the 
vertices of weight at most weiiv) - 1 . Thus, the vertices of weight weiiy) other than v are in d(S < v ). 
It is easy to see that v has two neighbors of weight weiiv) + 1, that is, {v + i \ i = d - 1, d). Hence, 
we have 



/ d 



\d(S< v )\= lueV 



= lueV 



weiiu) = weiiv), u ± v > U {v + i \ i = d - 1, d) 



v i=l 



weiiu) = weiiv) 



+ 1. 



Let L = [u e v(j\ti p n) I wei ( u ) = weiiv)). Then, \d(S^)\ = \L\ + 1. 

We shall present a bijection between L and Vtllfji Pn t ) \ {z}, where z is the last vertex of 
nf=7 P m , that is, z is the only vertex of weight Zfr/O/ - 1) in Uti Pn r This implies that |L| = 
I^Cnt"/ Pn,)\ - 1 = Ut=i "i-l, as required. For u e V(Uti p n.) \ iz], we define u' as follows: 



U: = 



\Ui if 1 < i < d- \, 

I weiiy) - wei(u) if i = d. 



Obviously, u' e L implies u e V(Uti p n.) \ \z}. We show that u' e L if u e Vdlti p n,) \ [zl It 
suffices to show that < u' d = weiiy) - wei(u) < n d - 1. Since weiiu) < Ynllfai - 1) - 1 = weiiy), 
weiiv) - weiiu) > 0. Since Y?i=\( n i - 1) < weiiv) <n d -l, and so, weiiy) - weiiu) <n d -l. □ 

As a corollary, we also have the following theorem for multi-dimensional even tori with rela- 
tively large maximum factors. 

Theorem 3.3. lfn x < ■■■ <n d and n i <n d -l, then 

d-i 





t d \ 




f d \ 


bw 


\\c 2ni 


= pw 


i | c 2ni 








< i=i / 



1=1 

Proof. Since ^1=1 m<n d -l, we have that £?= l (2 - 1 ) + £f "/ fa -V)<n d . Therefore, Corollary 
and Theorem O imply that vfcw (nf=i Gn,) = vfcw (i* □ flti = 2d ITfe 1 «/• n 



4 Three-dimensional grids 

In this section, we concentrate to the three-dimensional case. Thus, we define d :- 
fi := f3 U 3 p . In 1974, FitzGerald [12J determined the bandwidth of cubic grids. 

Theorem 4.1 (El). bw(P 3 n ) = [i3n 2 + 2n)/4\. 



d U 3 p and 
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We generalize the above result to the noncubic cases. More precisely, we prove the following 
theorem in this section. 



Theorem 4.2. For n x < n 2 < n 3 , 





( 3 > 




( 3 A 


bw 




= pw 






V (=1 ) 




V 1=1 / 



n x n 2 
n x n 2 - 



n\ + ri2 — «3 - 1 



ifn\ + n 2 -2<n 3 , 
otherwise. 



Theorem 13.11 implies the first case in the above theorem. Thus, in the rest of this section, 
we can assume that n\ + n 2 - 2 > n 3 . Indeed, our actual assumption can be slightly weak. We 
assume n\ + n 2 - 2 > n 3 instead. Thus the case of n\ + n 2 - 2 = n 3 is proved again. Note that 
+ n 2 - n 3 - l) 2 /4-J = if n\ + n 2 - 2 = rc 3 . 

Let I s be the set of the first s vertices of nLi m The following simple fact is useful to 
determine the peak of the function f3. 

Fact 4.3. f3(s) = /3(s - 1) + \d(I s ) \ d(I s ^)\ - 1. 

Proof. Clearly, J3(s) = /3(s - 1) + \d(I s ) \ - \ d(I s )\. From the definition of <, 

\d(I s -i) \ d(I s )\ = \{v}\ = 1, where v is the 5th vertex in <. □ 

From the above fact, we can show that the function /3 is non-decreasing for small weight classes, 
and non-increasing for large weight classes. Note that if I s = I s -\ U {v} then d(I s ) \ d(I s -i) Q {v + i \ 
1 < i < 3}, that is, new boundary vertices are adjacent to the new vertex. 

Lemma 4.4. Let v be the sth vertex. Then, 

1. fi(s) > fi(s - 1) ifweiiy) < n 3 - 1, and 

2. /3(s) </3(s-\) ifweiiy) >n x +n 2 -2. 

Proof. (1) We show that v + 3 e d(I s ) \ d(I s -\). Clearly, v 3 < n 3 - 1, and so, v + 3 e d(I s ). Suppose 
v + 3 e d(I s -i). Then, v - k + 3 e 7 4 _i for some k 6 {1,2}. This contradicts v < v - k + 3. 

(2) We show that d(I s ) \ d(/ s _i) c {v + 3}, which implies \d(I s ) \ < 1. Suppose v + ke 

o(I s ) \ o(I s -i) for some k e { 1 , 2}. Then, < n k - 1 and the vertices {v + k - i \ k < i < 3} are not in 
7s_i . This implies that V; = for < i < 3. So, we have that wei(v) = 2/=i v ; < Zf=i( n i _ 1)^ which 
implies that Yn=\( n i _ 1) < Z?=i("( - 1), a contradiction. □ 

For each weight class, we have the following similar property of fi. 
Lemma 4.5. Let v be the sth vertex and n 3 - 1 < wei(v) < n\ + n 2 — 2. Then, 

1. J3(s) > /3(s - 1) ifv < (wei(v) -n 2 + 2,n 2 - 2, 0), 

2. fi(s) < fl(s - 1) otherwise. 
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Proof. First we show that (wei(v) - n 2 + 2, n 2 - 2,0) e JT;=i ^ suffices to show that < 
weiiy) - «2 + 2 < «i - 1. If wei{v) - n 2 + 2 < 0, then n 3 - 1 < wei{v) < n 2 - 2. This implies 
n 3 < n 2 _ 1 j a contradiction. Ifwj-1 < wz(v)-n 2 +2, then wehave/?i+n 2 -3 < wei{v) < ni+n 2 -3, 
which is a contradiction. 

(1) We show that v + 3 e d{I s )\d{I s -i). Smcev<{wei{v)-n 2 + 2,n 2 -2,0),vi > wei{v)-n 2 +2. 
Hence, v 2 + v 3 < n 2 - 2 < n 3 - 1, and thus, v + 3 e V( O f= i Pn,)- Suppose v + 3 e d(/ s _i). Then, 
v - k + 3 e 7 s _i for some e {1,2}. This contradicts v <v - k + 3. 

(2) We show that d(I s ) \ d(I s -y) c {v + 3}, which implies |<9(7 S ) \ d(/,-i)| < 1. Suppose v + ke 
d(/ s ) \ d(I s -i) for some /: 6 {1,2}. Then, < - 1 and the vertices {v + & - i \ k < i < 3} are 
not in I s _\. This implies that v, = for k < i < 3. If & = 1, then vi < ni — 1 and v 2 = v 3 = 0. 
Thus, we have that vi = weiiy) > n 3 — 1 > n\ — 1, a contradiction. If = 2, then v 2 < n 2 - 1 and 
v 3 = 0. Thus, vi = wei(v) - v 2 > weiiy) - n 2 + 2. On the other hand, vi < wei(v) - n 2 + 2 since 
v >■ {weiiy) -n 2 + 2,n 2 - 2, 0). Therefore, we have v = (wei(v) - n 2 + 2, n 2 - 2, 0), a contradiction. □ 

Lemmas [4.41 and 1431 to gether imply the following corollary. 
Corollary 4.6. Ifn 3 <n x +n 2 -2 then 

vbw 

From the above corollary, we can show the main result. Since vbw(Pf) is known lfT3~ll27ll . we 
assume n 3 > 3. The assumptions n 3 > 3 and n 3 < n\ + n 2 -2 imply n 2 > 3. 

Lemma 4.7. Ifn 3 <n\+n 2 -2 then vbw{\\] =i P m ) = n x n 2 - \(n\ + n 2 - n 3 - l) 2 /4j. 

Proof. Let S r = {v e V(nL I v < (r - n 2 + 2,n 2 - 2,0)}. From Corollary 1431 it is sufficient 
to show that max"^"^" 3 \d(S r )\ = n x n 2 - \ iri\ + n 2 - n 3 - l) 2 /4j. Assume n 3 - 1 < r < n x + n 2 - 2. 
First we show that 

(hi + h 2 -n 3 - l) 2 - 1 (2r-m -n 2 -n 3 + 4) 2 

|d(S r )| = n x n 2 - 



( 3 ^ 






«l+«2 — 3 1 




= max 


V i=l J 





4 4 
Let 5, = {v e d{S r ) \ weiiv) = i}. Then, from the definition of <, d{S r ) = B r U B r+X and 

fl,. = {v e ViUU p n.) \{r-n 2 + 2,n 2 -3,l)<v<{0,r-n 3 + \,n 3 - 1)}, 
B r+l = {ve VOlU Pn,) I ("i - 1, r - m + 2, 0) < v < (r - n 2 + 2, n z - 2, 1)}. 

It is easy to see that the four vertices {r-n 2 + 2, n 2 -3, 1), (0, r-n 3 + l,n 3 - 1), (ni -1, r-n\ +2,0), 
and (r - n 2 + 2,n 2 - 2, 1) are in V(nLi Pn,)- To see this, use the assumptions n x < n 2 < n 3 and 
n 3 - 1 < r < n x + n 2 — 2. 

Let Bi(j) denote the set {v e B i \ v, = j}. Then, B r = \J r r^ +2 B r (j) and B r+l = U%l ni+2 B r+ i(j). 

Claim 4.8. \B r \ = (n 2 - 2) + Yl-Z-n^i n 2 + S^ 1 ^ + n 3 - r + y - 1). 



7 



Proof. It is easy to see that 

\B r (r -n 2 + 2)| = |{(r - n 2 + 2, a, b) e V(Y\L P m ) I a + b = n 2 - 2, a < n 2 - 3}| 
= \{(n 2 - 3, 1), (n 2 - 4, 2), ... , (0, n 2 - 2)}| = n 2 - 2. 

Assume that r-n 3 +2 < j < r-n 2 +l. Since r-(r-n 2 + l)-(n 2 -1) = and r-(r-n 3 +2) -0 < M3-I, 
we have 0<r-j'-£:<ft3-l for < A: < n 2 _ 1- Thus, 

|5,0')l = HO', k, r - j - k) I < k < n 2 - 1 , < r - j - k < n 3 - 1 }| 
= \{{k,r- j-k)\0<k<n 2 -\}\ = n 2 . 

Assume thatO < j < r-n 3 + \. Since r-{r-n 3 + \)-{n 2 - 1) > and r- j-{r- j-n 3 + 1) = n 3 -\, 
we have 0<r-j-fc<n 3 -lforr-j-n 3 + l<A:<n2-l - Hence, 

\B r (j)\ = \{(j,k,r-j-k)\0<k<n 2 -l,0<r-j-k<n 3 -l}\ 

= \{(k, r - j - k) I r - j - n 3 + 1 < k < n 2 - 1}| = n 2 + n 3 - r + j - 1. 

Thus, the claim holds. □ 

Claim 4.9. |B r+1 | = 2 + Z*^^ ~ J + 2 )- 

Proof. Obviously, B r+i (r - n 2 + 2) = {(r - n 2 + 2, «2 _ 1,0), (r - n 2 + 2,n 2 _ 2, 1)}. Assume that 
r -n 2 + 3 < j < n\ - 1. Since r - 7 - (r - 7 + 1) + 1 = and r - (r - n 2 + 3) - + 1 = n 2 - 2, we 
have 0<r-7'-fc+l < n 3 — 1 for < k < r — j + 1 . Hence, 

\B r+ i(j)\ = \{(j,k,r- j -k + 1) I < k < n 2 - 1,0 < r - 7 - k < n 3 - 1}| 
= |{(*,r-7-*+l)|0<*<r-y + l}| = r-7 + 2. 

Thus, the claim holds. □ 

The above two claims imply that 

\d(S r )\ = \B r \ + \B r+l \ 

r-ri2+l r-n^ + i 

= n 2 + n 2 + (n 2 + n 3 -r + j-l)+ J^(r-j + 2) 

j=r-n 3 +2 j=0 j=r-n 2 +3 

2 «j + «2 + n l ~ 5«i - 5n 2 - 3n 3 + 8 



= —r + (rii + n 2 + n 3 - 4)r 
= «i«2 - 



2 

(«! + n 2 - n 3 - l) 2 - 1 \ (2r - n x - n 2 - n 3 + A) 2 



4 

Now, let g(r) = (2r - n x - n 2 - n 3 + 4) 2 . From the above observation, 



/ 3 \ , ,, 2 



vbw 



(m +n 2 -n 3 - I) 1 - 1\ n 1+H? -2 
= \n x n 2 - mm g(r)/4. 

4 / r=n 3 -l 



y (=1 

Thus, minimizing g(r), we can determine vbw (flLi ^n.) 
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Claim 4.10. For n 3 - \ < r < n\ + n 2 - 2, g(r) is minimized at r = \{n\ + n 2 + n 3 - 4)/2J. 
Proof. Since n 3 < n x + n 2 - 2, we have n 3 - 1 < + n 2 + n 3 - 4)/2J < n t + n 2 - 2. Clearly, 



g(L(nj + n 2 + n 3 - 4)/2J) = 



1 if ni + n 2 + n 3 is even, 

1 1 otherwise. 



Since r , n\, n 2 , and n 3 are integers and g(r) = (2r - ri\ - n 2 - n 3 + 4) 2 , g(r) is a nonnegative integer. 
It is easy to see that if g(x) = for some integer x, then n x + n 2 + n 3 is even. Since g{r) is the square 
of some integer, the claim holds. □ 



Therefore, if n 3 < n x + n 2 - 2, then 

/ 3 



vbw 



V (=1 



= n\n 2 



= n.\n 2 



(ni + n 2 - n 3 - l) 2 - 1 
4 



{n x +n 2 -n 3 - l) 2 



1 if n\ + n 2 + n 3 is even 
1 1 1 A otherwise 



This completes the proof. (Note that n\ + n 2 + n 3 = n\ + n 2 - n 3 (mod 2).) 



□ 



5 Concluding remarks 

We have determined the vertex boundary width of three-dimensional grids. Since the vertex bound- 
ary width is equal to the bandwidth and the pathwidth for grids, the result properly extends some 
known results |[T2l [8l CO]. Since our result determines the bandwidth and the pathwidth of any 
grid whose dimension is three, it would be natural to study these parameters of four or more- 
dimensional grids. Here, we give a conjecture which was verified by computational experiments 
forn < 100. 

Conjecture 5.1. vbw(P^) = [(8n 3 + 3n 2 + 4n)/12\. 
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